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TEOPEMA BbLIPABHHUBAHHA.
[MPUBJ/IMXEHHOCTH $OPMYJIbl BOJIbBLUIMAHA .
*3AKOH” BO3PACTAHHSA SHTPOITHUU

A.M,MomyaHoB
HayyHowHCClleNOBATENLCKHA BBIMHCIMTENBHBI LEHTP
AH CCCP, ITymuso

UsyyaeTca MaTeMaTuyeckad CHTyauMsd, THIHYHAd IS MAaCCOw-
BBIX gBJIeBMH J106o# nmpuponbl, [lokazaHa BOSMOXHOCTE AKCHOMAe
THYECKOI'O INOCTpOeHMs Teopuu, Vimes Taxoro NnoCTPOEHHS BOCXOw
OMT K JeKu¥saM, npouuTaHHeiM A, XHHUMHLIM B BECEHHEM CeMe -
ctpe 1950 r. Ha MeXaHHKO~MaTeMaTH4YeCKOM akynbreTe MI'Y,

m, 1, CucreMa M CTPYKTypHas ¢yHKUHS

AgcuoMaTH4YeCKH#i NMOOXOA OCHOBaAH Ha BBIASICHHU TIJIABHOI'O IIOw
HATHS TEOPHM MACCOBBIX SIBJICHUH -~ NMOHSATHA CHCTEMEBI, Onpenew
JIeHHe CHCTeMBl BK/IIOYaeT 3ananne ¢asosoro npocrtpanctea X ,
HHTEIPHPOBAHHUS 1[I0 ®TOMY NPOCTPaHCTBY, 3alaBAEMOI'0 HEOTPH~
natensHol (BoaMOxHO mHCKpeTHON) Mepolt dX, M CKalsapHom ¥
dynkunn A (X), Ynoo6uo o6osHaueHue

S={X,dX, HX)} , (1)

9BHO yKa3hIBAlOmMEEe Ha KaXAbti H3 TpeX ACNEKTOB SA[aHMsl CHe
cTeMbl,

BaxHyi0 po/lb B NOCTPOCHHH TEOPHH MIrpaeT NOHSTHE CTPyK-—
TypHo#t ¢yHkmuH cucTemsl (€ ). Ora dyukuMs 3amaeTCs Cliom
ayomyuM 06pa3oM.

Paccmorpum npocTpascTBo D GeckoHeuHO~udhepeHIH Py e~
mbix pynkunst ¢ (€ ), SanaHHBIX HA NPAMOR = oo <E < + oo,
dbopmyna

@ 4)=[Re ) = [ finn)ax (2)

onpenenser o6o6ueHHyo, Boobe roeops, GYHKUMIO OOHOI'O Iew
pemennoro &, KoTOpasg H Ha3bIBAeTCH CTPYKTYPHO# dbyHKumei
CHCTEMBI,

* B uyacTHOCTH, B cTaTMCTHuecKo# TepmomuHamure (X))
STO SHeprus, TOYHee IraMHJILTOHHAH,

MozenupoBanue BO30yIUMbIX CTPYKTYD.
[Tymuno: HIIBY AH CCCP, 1975.



216

1.2, O6benqMHeHHEe CHCTEM H KOMIIOHEHTLI

JhoSbie ape cucreMel §, u S, NOPOXIAIT TPEThIO CHCTEw
My § :

S’=(S,S2)=.S'/+SZ (3)
obvemuneHue cucTeM S, W S, , TpHIEM X,dX, H(X) crpom

4TCd [0 COOTBETCTBYIOMMM ACIHEKTAM INOACHUCTEM CIEAYIOUEM OCw
pasoM, IlpocTpancteo X ecTh npsMoe NpoHEBefeHUE:

X=(X,X,) (4)
Mepa dX ecrtb npamoe npousbepnenue mep X ;B dXz
ax = ax,dx, . ()

dyuxuns // ects cymma dpynkuwms H, n H,
HUX) = H,(6,) + H,(X,) ©

Cucrembl §, u S, HasbIBAIOTCA B 9TOM CiIy4ae KOMIIOHEHTaMM
cucremer § . Ob6ofenne Ha ciyya#i HECKOIILKHX KOMIIOHEHT
OYeBH/IHO,

Bruiuncnenne ans cuctemsl § 3Hauenus ¢yukuuonana $2(& ),

(_Q,/} =J//#/dx ;’/Zz///,; *'Lé)dX,dXz =

-zo-‘/:‘[ / (81 & ) _(2,[61) Qz(‘%) dg/ dsz
HeNnoCpeACTBeHHO U3 onpepgenenns /1/ cBeprku 0GO6GWEHHBIX

byuxuni npuBoguT Kk TeopemMe O cBepTKe CTPYKTYPHBIX GyHKuMi
KOMIIOHEHT

QE) = [0,(£) 9, £, )i, . (7)



217

m. 3. Benymasa ¢yskuuss cHcTeMbl

Bclony B panbHedueM npeamonaraercd, 4TO B NPOCTPaHCTBO
9> BXOOAT BCEe KOMIWIEKCHOSHayHbie QyHKIWH; yOwmiBaowWwue IpH
£ —» oo OpiCTpEe OKCNOHEHThl, B NPH/IOKEHHSX 3TO yCoBMe
O6LIMHO BLINOMHEHO, Tak kak ¢ynkuus // (X ) dame Bcero orpae
HMYEHA CHUBY M PACTeT CTeleHHbiM O06pa3oM IpH IXI —— oo, B
oTOM ciiydae npeobpasopanne Jlamnaca CTPYKTYPHOH (QYHKUMH SB-
nsieTcs macTogmedt (a He 0606ueHHOM) byrKiMel u MOXeT
GbITH 3ANMCAHO B OABYX 9KBHBA/eHTHbIX ¢opmax:

ot =7°5'ﬂ “o(F)dE = /e”ﬁ”aﬁzx (8)
-~ X

dynkuusa D ( ﬂ) Ha3plBaeTCd Beaymei QyHKuued CHCTEeMBI
u obnajaeT CleAyOWHMH 3aMedaTeNlbHbIMH CBOHCTBaMH!
1. ©(,B) asammuuna B nomymiockocts e3> 0.
2, ©(B) MOHOTOHHO yGhIBAeT BAONL AeHCTBUTENBHOR ocH L,
3. |P(p)] < D(Re ).
4, d(B) norapupmuuecku BhIyKNa Ha AeHCTBHTeLHOR ocuf,
[lokaxeM rnocnenHee CBONCTBO, Brruncienne BTOPOH NPOH3~
BOHOM & D naer

P _ /[(pa’qu _(gg_g
dp? ~ @ dp® dp /).

[Teppoe ciaraemoe, CTOsWCEe B KBafpaTHbIX CKOOKax, MOXeT
ObITH 3AMCAHO B BHAE HBOWHOrO HHTerpaja, NojiyHamwwmerocs pH
YMHOXOHUHA OIHOKPATHRIX!

i)+ V)
‘Z)%%,‘Q =[JHY)e™ XIS 1 ay
Xy

Tak Kak BOMH'IMHA HHTErpPAMA HE SABHCHT OT 0603HaveHus
B4
MIePeMEHHBIX WHTElDHPOBAHAS, TO Bhipaxexne ans @ @ moxno
8alUCATh B CUMMETPHIOBAHHOR dopMe:

-BlHX)+11(Y)
V), ]a/ i

cqu’ég}—’(/yfmzmwz(y)]e av.
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[loacTapngds AaHAJIOTHYHOE BbiPAaXEHHE [Jis (@)2, nojysaemM
OKOHUYATEIBLHYIO (OPMYILY

LZ2- =MV A g aya0, ()

H3 KOTOPOH OYeBHHA HEOTPHUATENIbHOCTHL BTOPOK NpPOHBBOAHON
@u, CllefoBaTelIbHO, BBINYKNOCTH STOH QYHKUHMH,
OcoGesHO HargaaHO yaoOCTBO VISl NPHJIOXKEHHH MCIO/IbL3OBa~
HUS GYHKUUH @ BMmecTo £ NEMOHCTPHpYET

Teopema o npouspBeneHHMH BeayMX GyHKuMM

Benymaa ¢ysxuua D ( /3) cmcrempl paBHa nNpou3Bene-
HIIO BeayuMx (YyHKLMH KOMIIOHEHT:

Pp) =D,(p) D). (10)

[1OKaSaATENbCTBO HEMOCPEACTBEHHO BHITEKAST U3 ONpPEeNS/ICHHS
komnonert (3), (4), (5), (6) u onpenencuus (8) Benyweit
$yHKUAK

Ple)~/e P < oy, ax, -

X)Xy

/—ﬁ”ﬂffdx/#z(xz)

X

ax, & (A (8).

n, 4. PopMmyna oGpamenus Ong CTPYKTYPHOH GyHKuMH

Kak yxe 6BUIO CKa3aHO BHILE, B OTVIMYME OT OOOGHMEHHOM
dymxumn Q (€) pemymas ¢ymcuma @ (ﬂ) AB/IAETCS HACTOs~
Hel ¥ K TOMY Xe clle aHalHTHYeCKOi QpyHKuuelh cBoero apryMesra,
Bmecre ¢ Tem sananne P (/3) axsupanentHo sagauuio Q (€ ),
Tak kax dynkmaio S (€ ) moxuo Boccranoeuts /27 mo D (A3),
HCHonb30BaB hopMyny obpaueHus npeobpasopamusa Jlamnaca:

Q) =35 [e"D(p)ap. (11)
/
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B oroit popmyne nyTteh unterpuposands /| MOXeT GBITH Bbl~
6paH B CH/Ty HE3aBHCHMOCTH HMHTerpaja OT IIyTH NPOMBBOJIEHO B
NpaBoil MOJIYINIOCKOCTH, MHMUlL Obl OH 2CHMIITOTHYECKY BbLIXOAMI
Ha NpEMYIo, Napa/vIeNbHyIo MHUMOM ocH, HauBosee yao6HO Bbi-
6HpaTh TaKYylO NPAMYIO, BAOML KOTOPOH NOABIHTErPanibHOE BhlPas
XeHue HMEeeT MHHHUMAbLHYIO BeAHYHHY, H60 B 9TOM Ciydae CBO=
ASTCH K MHHMMYMY HHTepbepeHUHOHHbIE ABJIeHHS, CHJIbHO 3aTpyd=
Hgomme (TeopeTMyeckoe uinK GAKTHYECKOE) BBLIYMCIICHHE HHTEm
rpana., B 2TOM npeooseHun MHTephepeHuMd X COCTOHT, COGCT=
BEHHO, OCHOBHad wWaes Mertofa nepepana /3/. TpeTbe u3 cBoOiCTB
dynxiwin P {3 ) noxaspipaeT, 1TO MHHAMYM CiedyeT MCKaTb Ha
AeHCTBUTENBLHON OCH.

Jlorapudm nonpiaTerpansHo# dyuxuus B dopmyne (11) ects
DyHKIHS ABYX IlepeMeHHbIX

w(p.€) =ps + L D(B) (12)

pacTymas kak npu /3 —eo(oToMy 4TO TOrJa pacTeT Iepsoe Clla~
raeMoe, a Bropoe y6riBaet), Tak i npu 3 —= O (korpa cnarae-
Mble MeHgoTCq ponsMu ), Tak Kax XpoMe TOro ¢ nuHeHHbIM cjaras
eMbIM OTMYaeTCs OT Bhinykno#l (B cuay (9)) dynxuun &7 65),
S8HAYUT ¥ caMa OyHKuusa ¥ peinyknasg, [ToaToMy npH KaxXoom
SHayeHWH & CYWeCTByeT M INPHTOM eOMHCTBeHHas Touka 3 ,

B KOTOPO# AOCTHraeTcsi MHHMMYM ¢ynkunu Y :

SE&) =min (pe + b D) = minY(p;e) - (13)
Touka B Moxer OblTh Ha#AeHA M3 ypPaBHEHHS
dind
ap =, (14)

nosyyalmerocs NpupaBHHBaHHeM Hymo npoussoanoi ¥ mo 3.
HMmenno B oTO#l TOuKe BepTUKANbHAS NpsMas /. B KOMIJIGKCHOH
NNIOCKOCTH /A3 naeT HaMAydu# NIyTh WHTErPUPOBAHMS I Bbi—
uncnenus $2(€ ), 3nauenme § B 2TOl TOuKe YNOGHO BLIPAGHTH
4yepes napameTp B

S=thd- ﬁd&@ ‘ (15)

dopmynrr (14) u (15) noackaswiBaior uenecooGpaaHoc'rb
BBeeHMA Napamerpa & B KaueCTBe OCHOBHOI'O ITePeMEHHOr0, u6o
OoCTallbHble BE&JIMYHHBI XOPOoWO BbIPAXaioTCd MMEHHO Yepes /‘}
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mS, Teopema BblpaBHHBAaHU S, UHTEeHCHBHOCTL B ®KCTEHCHBHOCTL

byukuns ¥ (BE) sapasercs, nopoGHo H(X), anmurupHOH
dyHKuUMEeH CHCTeMbl B TOM CMBIC/IE, YTO NMpH OObeAMHEHHH KOMIIOwm
HeHT S, u S, B HOByIO CHCTeMY § QYHKUMH ‘/// u ¥, Ckiam
OBIBAIOTCS:

Yip,e)=¥(pe)*+ %pe,). (18)

ST0 CBOHCTBO BHITEKAeT M3 AMMMTHBHOCTH [/ ¥ MYJIbTUNIH~
katuBHOocTH Beqyuwed ¢ynkwm P (B).

Ma eemyknocts bynkummi ¥, , ‘/é n ¥ BriTekaeT 3aMeua~
TenvHaqa /4/

Teopema BbipaBHHBaHHS (”3aKOH” BO3PACTAHHS DHTPOIMH )

[loxazaTenbCTBO NOJIydaeTCd HEeMEeJICHHO H3 ONpene/IeHHd S,

" Sz
V(pE) > Yip.c)=min¥(pe,) =S, (18)

%05.6,) > %(Ba,) =min % (s, (19)

HOSTOMy npy BCeX 3HaYyeHHax /6 MeeT MeCTO HepaBeHCTBO

Y(p.) = ¥, .&,) + 4(8,.5,), (20)

H3 KOTOPOro, B HACTHOCTH, B Touke B mMuHEMymMa ¥ u BbiTe
kaeT TpeGyeMoe HepaBeHCTBO >8,+ S, -

Kpome HepaBeHcTBa miga sxc'rencmmoc'reﬁ'* U3 HEepaBEHe
ctea (20) cnenyer taxke (B cmny Bemyknoctn % , L// n¥)
nBoicTBeHHOE HepaBeHCTBO S8, < B £ f3,, CcMEICK KOTOpOPO CO=
CTOMT B TOM, 4YTO NnapameTp B OCGLeAHHEeHHOH CHCTEMBI Pacno-
noxen Mexay** napaMeTpamMm KOMNOHEHT, DTO OGCTOSTENLCT—
BO BBLIICHSIeT BaXHe#uyo poib napamerpa B, KOTODBIA MOXHO,
ClleloBaTEeNbHO, CUYHTATb MEepPOil HHTEHCHBHOCTH B IPOTHBOIOJO X
HOCTb ®KCTEHCHBHOMY NapaMeTpy ' .

* ox e He TONbKO Y6GHIBUNAY, HO M "BHE”,
* .
¥* (n = TBHyTDH”.
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PaBencTBO (npepenbHblii cnyyail HepaBEHCTBA SKCTEHCHBHO—

creit) (
_ 22)
§ = 'yf * 6'2
(kax ®TO ONATBL~TaKHM BbLITEKAeT H3 HEPABEHCTBA AN (QYHKUMH
¥) umeeT MecTO TOrma M TONLKO TOrAa, Koraa

Po=Po=Ps- (23)

VnpME crioBaMHM, aagMTUBHOCTbL SIBNFETCS IPEAS/IbHbIM ClIywe
YyaeM SKCTEHCUBHOCTH, AOCTHIaeMbIM TOJLKO ITIPH DPABEHCTBE HHes
TeHcuBHOCTel, OTClona BhiTeKaeT, 4TO IapaMeTp /3 3afaeT Take
e YCNOBHE PABHOBECHSI KOMIIOHEHT (MO OTHOWEHHIO K OObeqHHEws
HHMIO, CMeWHBAHKIO),

[ocsie Cka®aHHOI'O HEYIMBHUTELHO, YTO B CTATHCTHHUECKON
TepMonouHaMmuKe /3 copnagaeT C ob6paTHOH Temnepatypol (B emue
HHnAX A )y, a § ecTb SHTPONHs,

lloseneBMe aHANONMYHBIX BEJIMYMH B TEOPHM Nepedadu COOGw
wenn# (Teopus “uupopmanuu”) osHauaeT COBINANEHHE MATEMaTH~
YEeCKOr'o annapaTa, 4TO M SBJISeTCd, B CYIHOCTH, I'JIABHOH Tew
Mol craTeH, MHorga /5/ ua coBnapeHus GopMyn BaKIOHYAIOT O
COBNaAeHMH QUBHYECKON NpUPOabl O6bEKTOB Teopuit, Takofi Bblw
BOA HenpaBoMepeH, [IMoOAOTBOPHOCTL aKCHOMATHYECKOrO MeToda
OCHOBAHA MMEHHO Ha OOHHAKOBOCTH KHMHeTHMKM (H/IM CTaTHKH)
O6BeXTOB, MMEIOWHUX COBEPIWEHHO Pa3HYIO (HEHYEeCKyIo NPHPOAY,
4TO M NO3BONISET H3YUATH HX NOBefeHHe abeTpakTHO. Tak, HalpHe
Mep, NoBeAeHHe (PUBHYECKOT'O MAFgTHHKA H Koje6aTelbHOr'O KOHe
Typa B paguMoTexuuke (a Takxe HEKOTOPBIX ®KO/OMHYECKHX CHe
CTeM )ONHCHIBAETCS OOHMM H TeM Xe ypaBHeHHeM, HO 6bLIo 6bi
CTPaHHO AeflaTh BakK/o4eHHe 06 ONMHAKOBOCTH GUSMYECKOH Cylie
HOCTH gBjeHul. [lpyrasa kpaiHocTbh /6/ NpHBOAHT K 6eCHOea
HOMY npotuBonoctaenenuio pyukuuu A4 (X ), Bagroi ua xumuye
CKO¥ KHHEeTHKH, COBEpWEeHHO aHajoruuHoi ¢yukumu H (X ), Ho
B3ATON M3 MexaHUkH, [lpemyiaraemas CTaTbst COQEPXKHUT MOMBITKY
HallTH Pa3yMHYIO CPE[HIOI JIMHWIO, OCHOBAHHYIO HA aKCHOMATHYECw
CKOM INOAXOAe, YHMTHIBAIOWIEM CAMBIM BHHMATENILHLIM O6pasoM
CBOHCTBa CHCTEMBl, HO WUEIHMKOM INpeHebperaoueM IPOHCXOXKAS=
HUEeM 2TOH CHCTEeMBEl,
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1, 6. ATOMHCTHYHOCTL

Wnes aTOMHCTHYHOCTH e OOHO H3 CaMBbIX APEBHUX HAaYYHBIX
zapoenaHui, Ee nepBoHavyanbHO#l (OPMOH dBNIAETCHA NpeacCTapBiew
HHE O HeAeMMOCTH, HepadliOXMMOCTH 2/JEeMEeHTOB, H3 KOTOPbX
coctouT *Bce cymee”, Canako pas3BHTHe ®TO# HOeH BCe Soiee
NPOACHEET pPellialolly:0 POAb ABYX APYTMX aclleKTOB HIeH aTOMHes
CTHYHOCTH =» MACCOBOCTH M O[MHAKOBOCTH (NOXOXECTH) ®JeM EHw
TOB, COCTABIILIOMMX U3y4YaeMylo cHcTeMy. CyTh Oella He B TOM,
4710 Dremenr (koMnoHemrrta, Yatom”, wWacTHHA) OGeCCTPYKTYpPEH,
a B TOM, 4YTO ero CTPyKTypa NOYTA HEeCYIleCTBSHHA [Ultd CBOHCTE
6OMBION CHCTEMbI, DIEeMEeHTOB OYeHb MHOrO M cTpoenne (uwmm
GYHKUMOHEPOBGHHE ) NOJHOM CHCTEMBI ONpefengeTcs He AeTalaMH
CTPYKTYPBEI 2NI€MEHTOB, @ OCHOBHBIMH, I'DyObIMH HX CBO#CTBaMH,
OneMenTapHas MOSilb TBEpPAblX WIAPHKOB H yTOHYEHHAH CXeMa
KBAHTOBO¥ (HUBUKY B pPABHOM Mepe NPHBOAAT K 3aKOHY Boiiige
MapuoTTa Ana paspeXxeHHbIX I'a3osB,

O6ue yTBepxAcHUS, BbICKa3aHHbIE B NpPeAbIAYIHUX Iaparpas
¢ax, crpaBe[JIMBbi IS NPOH3BOABLHBIX CHCTeM, OQHAKC HMEHHO
B CHJIly BCEOOIHOCTH OHH He OYeHb COACPXKATENBHbl H HOCHAT
CKOpee KayeCTBEHHbIH, HeXenM KOJHYeCTBEHHBIR XapakTep.

TouyHble yTBepaxaeHHS, ABJIAIWHNECS OCHOBOH MHOI'HX KOJIHYEws
CTBEHHBIX B8aKOHOMEPHOCTEN, MOXHO YCTAHORATL, CHOHUEHTPU PO
BAaB BHUMAHHE Ha CBOMCTBaX OonpuiMx cucrem, MatemaTHieckas
uaeanudanMs COCTOUT B NpefelIbHOM Nepexone ,_7’_ -0 1 ycra~

HOBJIGHMH BBLITEKAIOIIUX M3 HEro npefenbHBIX COOTHOLIEHMH,
O6BIYHO U1 NOJIyYeHMA pes3ynbTaTa BBOAMTCS, KpoMme ,—75 , eme
Kaxof-Hu6yns Majbii napamerp, B pabGore /7/, manpumep, ®TO
Majlag IUIOTHOCThL, B HacTosmei#l paboTe NpenNipuHATA INONBLITKA
06OHTHCE 6e3 [OMOJIHUTENBLHLIX I'HIIOTe3, MCIOJL3ys TOJbKO

OOMH MaAalblit napamMeTp A\-‘b‘. PaanoxeHue 10 CTENeHIM DTOw

ro Majioro napamMeTpa IPUBOOMT K HepapxuMM CTPYKTYPHBIX
CBOKCTB KOMIIOHEHT, COCTaBJIfIOMHUX H3ydaemylo cucTemMy. Hes
YTO NOXOXee NPOMCXOAHT, HallppuMep, B dJekTpocTaTuxe, Ha
CONILWHX PAcCTOSHMAX NaxXe OYeHb CJIOXHAf CHCTeMa 3apsaaosB
MOXeT ObITb C YCIIeXOM 3aMeHEeHa TOYeYHbIM 3apsanoM. Ilpu
yrounenuy (0COGeHHO eC/M MONHBIA 3apsn paBeH Hymo) HEOGXOwm
OMM yXe ydyeT CTPYKTYpPh,, HO CHayaja /Mulb B popMe BBENCHHSA
SKBHBANCHTHOrO gunons., Jlanvnefuve yTOYHEHMS NPUBOAAT K
Haee MyNbLTHUIIONEH,
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.7, Popmyna Bonbumana

Hs reopemel, cPOPMYNHPOBAHHON B KOHLE N,3, HETPYOHO IOw
nyyuTh GopMyny Afig  Beaywel QyHKUMH GONbLWON CHCTeMsbI

@ () =[es)]” (24)

TnaBHas 0COGEHHOCTL @TOH GOPMYNLI — Npeppamenue™  amopd~
HOro uHAEKCa “n ¥ B 5epofi YacTH (MMelOero CKopee IODPSAKO-
BLII XapaKTep) B KOJHMYeCTBEHHBI NOKalaTelb CTEeIeHH CIIpaBa,
npuobpeTalouil YXKe allfOPUTMHYECKM TOYHBIK CMBICII,

BrinmuineM GopMyny mis CTPYKTYPHO# (yHKUMH,

_Qn(S) =ﬁ£_/ézé‘+nln¢(z)dz , (25)

r
rae obosHayeHHe £ OONKHO NONYEPKHYTb, YTO IYTh UHTErpHPO=
BaHUg JIeXHT B KOMINIEKCHON obnacTH, Jlannacy nprHagnexuT
nned HHTErpHpoOBaTh BAOAL Takolfi npsiMo# fg (napannensHo#t

MHHMO# OCH )
Z=24 +Z§°, (26)

KOTOpas nepecexaeT AeACTBHTENBHYIO OCh B TOUKe 4 , B KOTO-
poit moapIHTerpanbHas GyHKUMS HMeeT MuUHMMYM (MeTon nepepae
na). ficho, yTo npH pasHpix £ npsMylo / TNpPUAETCS NPOBOAHTH
4Yepe3 paaIMuHbIe TOYKH &3, onpejenseMbie ypaBHeHHEM

ndh¥ e -0 (27)
as
CymecTBeHHbLIM Pa3BHTHEM 9TOH MBICIH SBISIETCS NPEJIOXe
mne** umenno B cuutaTh HesaBMCHMO# nepemeHHoB, a &
paccmaTpuBaTh Kak ¢ynkmmio B . Beune mul yxe pupern (15),

* Celtyac 10 “oueBHOHO” ~ uepe3 monTopa Bexa (1812)
nocjyie nepsbix pabor Jlannaca, nonsexa (1901) nocne Teopemsr
Jlanmynosa u ueTBeprh Beka (1943) nocme kmuru Xunuusa, [a
M TaK M yX OO KOHIA 31eCh BCe SCHO?

** B xuure XuHuUMHA ®Ta MBICAL 4eTKO CHOPMyYMHMPOBAHA, HO
BOCXOAMT OHa ec/m He K Jlannacy, To yx k Boabumany u TuGe
6cy, HaBepHoe,
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4YTO M OKCTEHCHBHOCThL § BeCbMa NPOCTO BeIpaxaeTrcd Hepes B
S =nlnp)- 252 (28)

Hawa 6muxaluias sagaua -~ HalTH BbipaXeHue uyepe3 n u 4
s CTPYKTYPHOR (yHKuMM GONMBWON CHCTeMbl, [loablHTerpanbHas
byHKIMS HMEET MakcuMym* Kak pa3 B Touke /3 (koneyno,

ang & , sanapaemoro popmymoit (27)) u MakcCuMyMmM 2TOT pa=
BEeH 98, rae § = 9KCTEHCHBHOCTB, BbiHHCJIgeMas Ipx 3a]aH-
HOM /3 TO dopmyne (28). BoiHeceHue DKCNOHEHIHMA/IBHOIO MHOm
XKUTeJId 3a 3HaK HHTerpailna

Q. (8)=e " In(p) (29)

CBOOUT 3agauy Bbmucuenua CTPYKTYPHON QYHKUHM K BBIYMCIIS=
umio uurerpana J, (B), noan 3HAKOM KOTOPOro CTOUT (yHK~—
uug, MOAyAb KOTOPO# BCIOAY MEHbUle eAHHULBI (xpome Z =23,
rae ota GyHKuus Kak Pa3 papHa e[MHHuLe).

Tak xe kax u §2,(€ ), Hosas dynxmus J, (£) asnsercs,
poobue roeops, ofobuenHHO# yHKuMel CBOEro apryMeHta /3 .
OnHako B KJ1aCCHYECKOM Cllyyae CTATHCTHYECKO# MexaHHKM obe
OHE HaCTosuuHe GYHKUMM M cooTHoueHne (29) MOXHO MPOJIOras.
pudbMHpOBaTE:

thQ, =8, 0. (30)

Huxe GygeT moXa3aHO, HUTO BeMYMHA J,, Bcerpa mmeer cTom
nesHoi uopsinok 1o /7. Mosromy & J, — BeimuanHa iopsaaka
tnrn, B TO Bpems Kak §, NPONOPUMOHAIIBLHO /7 .
Ot6paceibanue ** 4, J, TPHBOMT K sHaMeHuTOM dopmylie
Boakumana ¥ ¥ ¥
(31)

S=hQ.

* MaKCH\AyM ~ mip aovxounk oaons [ u, BAOBOPOT, MU HK-
MYM = TNPH [3HKOHHM BOOAL AelcTBHTenwHON ocH. B a2TOM, KO~
HEYHO, CYTb MMCPARAJIRHHON TOYKM,

%% 310 nponebpeXcine OCOGCHHO yBemMreqbHO B KHHQTHHOw
CKO/ TeOpHH radoB, KOrfa 4YACNO YacTHK /7 MMEeT NOopsaok
10 Ha kyOndeckdft canitvMcTp,

* %% KpuTUKY NOMGITOK OGOCHORATL Y BapKACIUME O TOM, YTO

TOHTPOM¥Y CHCTEGMDBI B TOM WM APYINOM @€ COCTOSHUH 11POLOP-~
WMOHaIbHA JIorapupMy BEpPOSITHOCTH 3TOro cocrosHua” cm./4/,
crp. 105 (upum. pen.).
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EcTecTBeHHO COXpaHHThL HaspanWe ¢opmyna Bonbumana u ansg
Gosnee obmero cinydad. OpHako pacnpocTpaHeHHe GopMyinbl Bobim
MaHa Ha Ciydail NPONSBOJALHEIX CHCTEM BO3MONKHO TOJIBKO B QOP=
Me (29), #o He B dopme (30), Tak Kak HOHATHE JorapHbMa
o6obieHsO# QYHKUHMH He ONpenerneHo,

[ToaToMy BCe nanbHeliuyue BBIYHAC/ICHHH CBOAATCS K YCTAHOBs
JIGHHIO ACHMIITOTHKH MHTerpasa -],7 (B). YnobHo coxpaHuTb ANK
]n (8) Tepmun “npensxcnonenTa” (WMPOKO pacnpOCTPAHEHHbIH
B dmanxe) HEBABHCHMO OT TOro 7ao MiM nocne” GonbiuMAaHOB—
CKOIl ®KCIIOHEHTbLI HANMCAH ®TOT MHOXHTEIb,

Becbma 1060NBITHO *pacipenesnieHde obgaaHHOCTeR” Mexny
SKCIIOHEHTOR M NpeNdKCHOHeHTO#, KomuecTBeHHON CTOPOHOH BE.=-
maunHbl €2, Y3aBenyeT” 9KCHNOHeHTa, ABIAIOWASCH HacToduleld, a
ne obobuennoi ¢yukmuedr B (um &, 8TO0 BCE paBro), Bonee
TOr0, 9Ta QyHKUMsS AaXe AHAJIMTHYHA B HEKOTOPOH IOJIYIJIOCKOws
CTH, Jlexalell npaBee MHHMON OCH B KOMIUIEKCHOH IUIOCKOCTH [3.
IMpen@kcnoHenTa, HAOGOPOT, NMOYTH HEe OKAa3bIBAeT BIMAHHA HaA
$2,, B KO/IMHECTBEHHOM OTHOWEHHH, HO 3aTO UMEHHO B HEli COm
cpenoToueHbl BCe ocoBeHHocTH (CnaraeMmbie THIA ¢ - byHxuMH
[upaka), onpepensicume NpUHAMIEXHOCTb $2,(/B) K onpenenerm
HOMY K7accy O600umeHHbIX (QyHKuHi,

1, 8, ACHEMNTOTHKa IIPeAdKCNOHEHTH!

BripaxeHHe o711 NPendKCIIOHEHThl MMeeT BHI:

()< [Pz (02)
r

raoe ¢ynkuus G (2, B ) Boipaxaercs uepes norapudM penymei
GyHKUMHM OAHOH KOMIIOHEHTbI

Y8) = brsp) (33)

BeckMa noGoneiTHON dopMynol (sacTapnsiomelt BCIOMHUTBL Ipew
o6pazopaune Jlexanapa):

O(2,p) =¥(2) - Y(B) - ¥ (p)(z-8). (34)

Ora (yHKUMS NepPeMeHHO# Z 0 CaMOMY CBOEMY IPOHCXOXws
OeHHMIC yCTpoeHa Tak, 4uTo npu Z =4 oHa ofpamaercss B Hyab

BMeCTe CO CBoell neppoi npouapoaHo#, Tak kKak OHa aHAIMTHY-

Ha MO Z, TO ce MOXHO DA3JIOXUTbL B psA Ho creneHsm (Z-/3).
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ATOoT paa HAuHHAeTCd, KOHEYHO, C 4ieHa BTOPOro Iopgaka Io

(7 - 4)
O@zp) =5 v (ﬂ)(z—,@)". (35)

k=2

CaMoOe HeTpHBHAIBHOE COOOpaXeHHe, olpefensiilee BeCh XOA
OanbHeMNX BBIKNIANOK, = IOHHMAHHME pelalomeld poM KBaapae
TUYHOTO uieHa B paanoxennu ¢ymxuwmn O (2, B ). 10 M ecTb
OocHoBHag Maed Jlammaca —~ ngea MeTona nepepana.

BrigBrienMe MexaHH3Ma, CO3AAIOMEro aCHMITOTHYECKOEe padm
JIOXXeHHe, OCHOBAHO Ha BHIGOpe NPaBHIIBHOH NePEeMEHHON HHTEI pDHe
popamus Baose nytd / . BMecTO KOMIUIEKCHOI'O NepeMeHHOro
BBOOMTCH HOBOE AeiCTBHTeNbHOE IepeMeHHoe T :

Z=08+ —;52 . (36)
CyTb pena HMEHHO B MHOXHTENe ‘,/7 . OH BrIOpan Kak pa3

Tak, 4ro6bl I'JIaBHEIH wWieH B nokaszaTene (xpadpaTHyHbiM, Kak
MBI IpegnoyiaraeM) He coaepxan /7. HMeHHO ®TO cooBpaxew
HHe onpeaendeT Macwrtab nepeMeHHON HMHTerpupopanusa, Hauwmn
OXHAHHA ONpaBAbLIBalOTCA, MGO paanoxeHHe NG npuobperaer
BMA:

n0'=~————- +X(T—‘)0 (37)

H, ClIeOBATEeNILHO, BCE WY/IeHBEl, KpOMe I'IaBHOT'O, CTPeMATCE K
HYIO NPH N1 —» oo .

Ilng oT4YeTHAMBOTO BhISBICHHs riaBHO# Haen B dopmyne (37)
KPATKEMH CHMBONIAMH @7 OCOBHAYEHE!I BECHMa HENPOCTHIE hyHKw
UMM TPeX NePEeMEHHBIX e MHOEKCA K , NePeMeHHOH HHTErPHPOBars
Hug 7 u napamertpa B :

*

a __ W(K 2)(,6)( )K+2 (38)
K (k+2)! .

I'naBHOe cnaraemMoe Takxe MOXeT ObITh NOIYyYeHO OTCIOAa NPH
K =0, OgHako ansi TOro, yTo6bl NMOAYEPKHYTbH €r'0 POJIb ¥ OCO=e

6eHHO BaxXubIf B AanbHeiiueM GaKT CYIMECTBEHHON OTPHLATE/IEww

HOCTH OTOr'0 ujeHa, BBEAEHO cleuualbHOe OOO3Ha4eHHE:

¥lp) =, (39)
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npaBO Ha KOTOpPOe faeT BHIIYKIOCTbL ¢yukmuun ¥ (A3).

B peaynbratre non SHAKOM MHTerpajia BO3HHKAeT MHOXHUTEIb
_az?
e ? , BBICTPO CTpeMmsmuiicss K Hymo npH [T/ —= e, 3T0 O3HA=
YyaeT, YTO OCHOBHOY BKNA[d B BE/IMYHHY MHTErpajia [AAeT KOHCUw

Hblfl MHTEpBA/ MGMEHeHHS T H, C/eNOBATENBHO, HMUTOXHOX
_/. /'
Manbiit (nopanka g ) oTpea@ox nyTH B INIOCKOCTH Z ,

lnaBHOE Xe chenaHo, BbiICHEHa HaefiHas CTOpPOHA 3adadH,
OCTAaeTCsl TOILKO TEXHMYECKAS CTa[Hs, BIPOYEM [OBOJILHO I'PO=
Moa/Kasl,

Beckoneunniit pga B /1G NOpOXAaeT NON SHAKOM WHTerpajia
BeckoHeyHoe mpouspencHue A

= o (L)
A pm) =Te™7 (40)

KOTOpPOe HYyXHO npeo6pasoBaTh B GECKOHEUHYI0 CyMMY
oo Y ¢
[A
.7?'-/*;(:2.—/{7'*,,)#“@.2), (41)

NOACTABUTL Ty CYMMY B ¢GOPMYIY O/1§] NPEADKCIOHEHTHEl U NO=
YJIGHHO IPOMHTErpHpPOBATL. [IONYYHTCS HCKOMOEe paaiioXeHHe
NIPeA9KCIIOHEeHTELl B Pan 1O OBpATHLIM CTEeNeHsSM ¥7 '+

2

{,s z)e
%Idt

. (42)

Walstfe FiE /7‘) £

Muterpanel, BXoasmue B 3Ty GOPMyNly, HETPYAHO BLIYHCIMTD,
TaKk Kak koatbbuumentel o, sensorca muorounesmamm ot T .
[eno ceoguTCs nOSTOMY K OTHICKAHHIO MHTErpajoB BHAA:

+ oo Tz
29 -5 ! (2¢)!

*
B cTatucTHueCKO# TepMoaMHAMUKe 10'9.
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Ec:m )Xe NoI SHAKOM HHTerpajia CTOUT HeYeTHBII MHOXHUTEeIL
<1
q , TO MHTerpaj NpocTO paBeH HYJIO,
Camasx rpomMoaaxas 4YacThb BBIYMCIICHHMIA 2TO BBLIPAXEHHE KOwa
apdunmenToB dfm yepea BejMuuHbl Q4 . [lpsMoe paanoxenue

noxasaTebHOK tbyum.mu NMPUBOAUT K Pe3ynbTaTy:

4, Z,,Z. Y a,. . (44)

K t..% Ky=m "
"z

loncranoepka BLIpaXeHwlt Ang 4, pAaer:
(K, +2) (ky+2)

£ ,@p)= Z;T (/)Z“ Z v “erzr - (45)

iion (BB

WUz aToit dopMynbl BUAHO, YTO BCe HeUeTHhIE uUJIeHHl B (42)
ofpamaiTcs Npd MHTErPHPOBaHHH B HYJb, [lo9TOMY paanoXeHue
‘7,,( /3 ) copepXUT TONBLKO YeTHLIe m=2p U, ClefoBaTelIbHO,

OeACTBUTE/IbHBIE Y/leHbl, H IIPOMCXOOMT No nenbiM (He cuuras

L.

7
ofmero MHOMXHUTeNS 7 ) crenensM %

Jy(B)= ,72-;7/ 77 [/; 2 Sy A;,(,e)] (46)

B aTolt acumnrToTHueckoit popmyne kospdumnenter Ap (B)
BecbMa T'POMOSIKHM OGpPadOM BbIPAXAIOTCS 4Yepe3 NPOMBBOAHBIE
TonbKO opHok (yHkuMH B, a mmenHo Y ()= bHh¥(B). dm
PhIpAXKEHNS HMEIOT CleAyiomui BHA:

2p £
Kolp)=5 —s (—f) (2, fze) (2,) @)
ZL ;z (47)

O6p4RO OblP2ET OOCTATOYHO MEPBHIX ABYX 4Y/IEHOB PalliOMew

HAS -7(/5)

oF i
e /—'a(/s){’*ym[s e (/)} (48)



229

KOTODbIe, BIPOYEM, MOXHO MOJIYHHTb SHAUHTENIBHO Ipome (MHe
Hya obwHe BhIKnanxku) mpsmo u3 ¢opmynsl (32).

Halipenurle paano)epusi AalOT ACHMITOTHKY CTPYKTYPHOH
GyHKLUMH

n(trp-La%,) 7 2
e s AR N IR
Qn(e)— Wi (&7 T /+2'Z,-715a—5- -5—(2—7—]4’ 0{72‘) 9 (49)

KOoTOopas MOXeT OblThb, KOHEYHO, HNPOAOJKEHa OO IIOJIHOIO psdna,
Ho Tak xak uneHbl ®TOro paaa NONy4aloTCs APYT K3 APYyra CIIOMws
HbIM aJI'OPHTMOM, COAepXaluM onepamdk AubdepeHIHpPOBaHUs, TO,
BoofIe roBopsi, HeT HM Maneiuell HafeXAbl MNOJIY4YHTE CXO[g—
muifica pan.

Onnako ¢yHKnug $2 HHre He HCHONb3yeTCs B “ONHHOYECT
Be”, Bciony B TeOPHH OHa BXOOMT KaK BE€COBOH MHOXHUTENb INMpH
HHTErPHPOBaHHU KaKol-HuGyab apyro# dymkumua, D10 06CTOATEN
CTBO IOGBBOJIIET NPUMEHHTH K 3adadye COBPEMEHHYIO TOHKY 3pew
HAg Teopuu OOCOOUIEHHBIX QyHKUMHA, I'1aBHaAg HOes KOTOPOH COCTO-
MT B TOM, YTO NOAGOPOM HaA/ieXamero MpoCTpaHCTBAa ;e? MO
Ho paay (49) npupaTh TOUHBIA CMBICNT CXOASMErocsl psaa, €O
M pacCMaTpHBATL ero uneHsl (aHa/IMTHYeCKHe, K CIIOBY CKam
3aTh, OYHKUMM) Kak GYHKUMOHANbI HAQ BEKTOPAMH NPOCTPAHCTw
Ba f? . JeTanu mocTpoeHus dTOr0 NPOCTPaHCTBA Hac cefim
yac He HHTepecywoor /J1/.

n, 9. VHTeHCHBHOCTR (3 KaK He3aBHCHMOE NepeMeHHOe

BHyTpeHHaa noruka pastmpaeMoli cXeMbl NOACKAa3bIBaeT, 4YTO
HMeHHO 3 ynobHee BCero BHIGPATE B KayeCTBe OCHOBHOI'O Ilew
PEeMeHHOro.

CobepeM BOEQUHO, C DTOH TOYKH 3PEHHS], BC€ OCHOBHBLIE (ODw=
Myqbl, [lepBeiff wiar COCTOMT B BBIYMCIIEHMM BeOyle#
bynkmuu (*craTucTuyeckas cymma”)

- X
Ap) = [e Mux. (50)
X

Cneanyer oTMeTHTb, YTO MMEHHO B 9TOT MOMEHT NPOMCXOGUT
*o6eanuuka® cucremsl, IlpocTpascTeo X MOINIO HMETb CaMyio
paanyo npupoay. OHO Morsio ObiTh $a30BBIM NPOCTPAHCTBOM
MEeXaHMYEeCKO# CHCTeMBI HilM XHMHYECKMM KOHHEHTPalHOHHBIM
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IIPOCTPAHCTBOM HJIM NPOCTPAHCTBOM WYHCJIGHHOCTEH B 9KOJIOTHYEw
ckuX 3agadax, Ero reomerpusg moria ObITh [OBOJIBHO IIPHXOTIIHes
pofi, HanpuMep, TOP HM/M HMCKpeTHbH! HaGop Touyek, UM OecKom
HeuysHoMepHoe npocTpascTeo., Pynkmua H (X) morna umeTb ka=
KyIO YyrOOHO paaMepHOoCTb (sHeprus wim wucio Gyke) u m0Gble
NOBEPXHOCTH YPOBHSl, B TOM HHCJ/le COCTOSIHE H3 HECKOJbKHX
KOMIIOHEHT,

Ipu mepexone ¥ ¥ (B ) Bce »T™H MHAMBHAya/bHBIE PadIM4Hs
TIONIHOCTBIO CTHPAIOTCH « NI06agd CHUCTEMa 3aMEHSeTCH DKBHBaw~
JIeH'THO# OOHOMEpHOM cHCTeMO#, KOTopas OOHOSHAYHO 3anaerTcd
CTPYKTYPHO# ¢yHKuMeil, Bouto 6pl, 0nQHaKO, HeonpabBIAHHO¥ OQHO~
CTOPOHHOCTEIO CYHTATbH SHEpreTHYeCKHe CHCTeMbl ofpasuoM
CTpoeHud,

Cnenyomuil mar -~ OTBICKAHHE 3aBHCHMOCTH & oT B . PaHb-
e Mbl pelaji¥ ypaBHeHME€ OTHOCHTEIILHO /G H OTBICKMBa/ L
B ¢oyukuun € , Tenepb MBI MHTepnpeTHPYeM COOTHOLIEHHE

any (51)
as
xax @apaHve € B BuAe ¢yHKuMM oT B, lloyunTensHO, 4TO B
TepMOOHHAMHKE ®TO COOTHOWIE€HHe €CTh YPaBHEHHE COCTOSHHS
(p snepreTuuecko#t popme),

Haxonern, OCHOBHON pe3ynbTaT =~ aGCTPakTHBIF aHanor ¢GopMye
nel BoabuMaHa e~ ACHMITOTHKA CTPYKTYPHO# GYHKUMH Takxe
nonyuyaer Haubonee ynobHyio ¢popmMy B IepeMeHHOH 3

/ ¥ @Y ‘
Q(e)em(p) 24”[3—‘45 ]} (52)

rae pemunHa § HMeeT BHL

€ _ono
”n=E=

S = - a % ¥ 3. (53)
[Noneanoit yacTo oKaspiBaeTcss M YeoHepreTnyeckas”, HebOIbi-
MaHOBCKas ¢opMa ACHMITOTHKH, B KOTOpo# B u £ BXOOdT Ha
PaBHBLIX NpaBax Kak CONpPsiXKeHHble BEJIHYMHBI:

P&
- e . / .
$2,(€) N T {”‘ 0(77L)} (54)
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B nocnepneit popmyne monpaBoyHbl, “NpensxCroOHEHuHMAaILHEIY
MHOXHTENb conepXuT bynkmuio @ (B ), xoropas BeipaxaeTcd
yepea ¥ (3 )eecema npocto

3p)=Lb¥
atp) =L (55)

B saxmoueHne IOJIe3HO OTMETHUTbL ellleé OHO JIIOGONBITHOE O6w
CTOATENbCTBO., B yacTHOM ciyyae TepMomuHamuku (pasGupas
of ONPEAENeHHOCTH NPMMeEp MeajlbHOT'O T'asa) MOXHO YCTaHOw
BUTb CIEAYIYI0 NPOCTYIO CBSi3b MEXAY MHTEHCUBHOCTBIO 4 H
TemMnepaTypoi

=1
B=r . (56)

Jlaupnay /8/ oTMeyaeTt, YTO CYmECTBYIOT CHTyalldH, B KOTOw
PBIX MMEIOT CMBIC/I OTpUuaTenbHble TemnepaTrypel, OH NojyuaeT,
NOCJIe HeKOTOPHIX CllemdalibHbX PACCMOTPEHUi, YTO OTPHHATE/Ibwm
HEle TEMIEpaTypHl TI€XAT Bbuie” MNOJOMUTENEHBIX, DTOT pew
aynbTaT BhITeKaeT U3 ¢popMmynel (56), ecnum cuMTaTE CHCTEMBI
yHopaao4eHHbIMH BCerza B nopsinke yObiBaHMs mapameTpa 3 .
970 ozHayaeT, BOABMOXHO, YTO Napamerp /3 uMeeT 6onee OGw
mee H riybokoe SHaueHHe, HEXENM ero YaCTHBIH Cliydall w TeMee
nepatypa.

JMTEPATYPA

1, Feaspann U.M,, Ulunos I'E, O6Go6mennble QYHKUMH H ASHCTw
BHS Hapn HuMH, M,, duamarrus, 1958,

2, Tenvpaug U.M,, lllumos I'E. IlpocTpanCTBa OCHOBHBIX 06—
obmeHHbIX GyHkmuii. M., duamarrus, 1958,

3. Eprpapor M.A. ACHMNTOTHYECKHE OLEHKHM M neqble GyHKIMH,
M., duamarrus, 1962,

4, Xunyun A5, MaTteMaTHyeCKkue OCHOBAHHS CTaTHCTHYECKO
mMeXauuku. M,, Tlocrexmuspar, 1943,

5. Bpunmosn, Jleow, Hayka n reopua unbopmanuu, M., duamar
rus, 1960,

6, l'ynenr B, Bpemensnas oprannsauMa knerkd, (Ilep, ¢ awrm.).
M,, *Mup”*, 1966,

7. Boromwbor H.H, O HeKOTOpHIX CTAaTHCTHYECKMX MeTo;ax
B MaTeMaTH4deckoii ¢uauke, Jlbpo, 1945,

8. Jlanpay JL0O., Jlupuun E.M, Cratucruyeckaa ¢usuxka., M.,
l'ocrexuspar, 1951, c. 237.



